The dynamics of holomorphic germs tangent to the identity near a smooth curve of fixed points  by Sahraoui, Fatiha
J. Math. Pures Appl. 90 (2008) 461–468
www.elsevier.com/locate/matpur
The dynamics of holomorphic germs tangent to the identity near
a smooth curve of fixed points
Fatiha Sahraoui
Laboratoire de mathématiques, Université de Sidi Bel Abbès, B.P. 89, 22000 Sidi Bel Abbès, Algeria
Received 10 April 2008
Available online 20 June 2008
Abstract
Let f ∈ End(C2,O) be tangent to the identity and with order ν(f )  2. We study the dynamics of f near the set of his fixed
points. Using some known results in this domain, we prove that if the set of fixed points of f is smooth at the origin, f is tangential
to this set, and the origin is not singular, then there are no parabolic curves for f at the origin. After that, we use some adapted
techniques to prove the existence of (ν(f ) − 1) parabolic curves for f at the origin if the set of fixed points of f is smooth at the
origin and this last one is a singular point of f with the pure order of f ν0(f ) = 1. Finally, we prove that if the origin is dicritical,
then there exist infinitely many parabolic curves.
© 2008 Elsevier Masson SAS. All rights reserved.
Résumé
Soit f une application de End(C2,O) d’ordre ν(f )  2 et tangente à l’identité. On étudie la dynamique de f près de son
ensemble des points fixes. En utilisant des résultats connus dans ce domaine, on montre que si l’ensemble des points fixes de f ,
lisse à l’origine, f tangentielle à cet ensemble et l’origine n’est pas un point singulier, alors il n’existe pas de courbes paraboliques
à l’origine pour f . Par contre, si l’origine est un point singulier de f et l’ordre pure de f égale à 1 (i.e. ν0(f ) = 1), à l’aide des
techniques adaptées, nous démontrons qu’il existe (ν(f )− 1) courbes paraboliques pour f à l’origine. Finalement, si l’origine est
“dicritique”, on montre que f admet une infinité de courbes paraboliques à l’origine.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Complex dynamics has been a very successful field in mathematical research during the last century and recently
it is getting more and more interest. Their importance derives from the fact they allow to represent, and then study, the
evolution in time of real physic system, starting by the initial conditions.
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dt
= F(x) are examples of continuous dynamical systems (foliations). Essen-
tially they are families (f t )t0 of self-maps of a real or complex manifold so that f t (x) describes the system at the
time t for initial status x. Thus f 0 = Id and f s+t = f s ◦ f t .
If we are interested to the behavior of the system at regularly spaced time intervals, we must restrict the time t to
integer values; then its evolution is described by the iterates of a single map f . In this case, we say that (f n)n∈N is a
discrete dynamical system. In this paper, we are interested in the latter type.
One of the problem which led to iteration theory was the resolution of a polynomial equation P(x) = anxn + · · ·+
a0 = 0, by means of the Newton’s method, according to which a solution is a limit point of the converging sequence
xn+1 = f ′(xn), where f (x) = x − P(x)P ′(x) and x0 is a suitable starting point.
The crucial point in this theory is to find an open subset (attracting domain) of the domain of the map f representing
the system, on which the sequence of iterates (f n)n∈N converge to the same point. Since the limit point must be
necessarily fixed for f , initially one can limit this study to a neighborhood of fixed points. It is also interesting to see
if near such points there exists a local change of coordinates (i.e. conjugation) ϕ, such that the map f has a simpler
form and to determine the biggest subset of the domain of f on which ϕ is defined.
About 1870, Schröder [11] was the first to study the behavior of rational complex functions near a fixed point on
which the first derivative has modulus less that one, while the global study of iteration in one variable, that is seeing
what happens over the entire Riemann sphere when we iterate a rational map, was started by Fatou in 1906. This
theory in one dimension is quite complete but in higher dimension some results are obtained but many problems are
open until today.
One of the most famous theorem in 1-dimensional holomorphic dynamics is the Leau–Fatou theorem. A natural
problem in higher dimensional holomorphic dynamics is to find a generalization of this result, where the function is
replaced by a germ f of self-map of Cn fixing the origin and tangent to the identity. The first who (partially) proved
it, in two dimension, in the 1980’s was Écalle [5] who, using his theory of formal series and resurgence, was able to
prove small pieces of f -invariant curves attached to the point p (with p is an isolated fixed point of f and dfp = Id)
in case f is “generic”. In the middle of the nineties, several people felt a need for a complete analytic proof of such
theorem. After some preliminary results of Ueda [12] and Weickert [13], a major step in this direction has been done
by Hakim [7] who proved the “flower theorem” for generic maps (not only in C2 but also in Cn). Her idea was to look
at f − Id near p. That is to say, if some conditions on the first non-zero homogeneous polynomial in the expansion of
f − Id are satisfied, then one can apply some Banach spaces techniques to construct parabolic curves. After his results
in [1], Abate understood that if Hakim’s conditions at p were not satisfied then one could have tried to blow-up the
point p to reach a more favorable situation on the exceptional divisor. This is exactly the same strategy exploited by
Camacho and Sad [3] to show that any holomorphic foliation on a two-dimensional complex manifold has a separatrix
at a singular point. Indeed, Abate’s proof of the flower theorem follows the same lines of Camacho–Sad argument.
Abate defines “singularities” and “reduced singularities” for a holomorphic map and proves a reduction theorem
which, roughly speaking, says that after a finite number of blow-ups one gets a holomorphic map with only “reduced
singularities” on the exceptional divisor. Then he defines an index for holomorphic maps on curves of fixed points
and proves an index theorem which allows to localize the characteristic classes of the curve near the singularities of
the map. After that he has formally the same ingredients as in the Camacho–Sad theory, and he can argue in the same
way to obtain a point where Hakim’s theory applies.
The target of these notes is to study the dynamics near a smooth curve of fixed points of a holomorphic germ
f ∈ (C2,O), in case f is tangent to the identity with pure order equals to one.
2. Parabolic curve over Cn
One of the most famous theorem in 1-dimensional holomorphic dynamics is the following theorem:
Theorem 1. (See Leau–Fatou flower theorem [6,9].) Let g(ξ) = ξ + akξk + O(ξk+1), with k  2 and ak = 0, be a
holomorphic function fixing the origin. Then, there are k − 1 disjoint domains D1, . . . ,Dk−1 with the origin in there
boundary, invariant under g (i.e. g(Dj ) ⊂ Dj ) and such that (g\Dj) → 0 as n → ∞, for j = 1, . . . , k − 1, where gn
denotes the composition of g with itself n times.
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with attracting basins, Siegel disks and Hermann rings) among the building blocks of Fatou sets of rational functions
(see e.g. [4] for a modern exposition). A natural problem in higher-dimensional holomorphic dynamics is to find a
generalization of this result, where the function g is replaced by a germ f of self-map of Cn fixing the origin and
tangent to the identity, that is, such that dfO = id. After preliminary results in C2 obtained by T. Ueda [12] and
B. Weickert [13], a very important step in this direction has been made by M. Hakim [7,8] (inspired by previous
works by J. Écalle [5]).
To describe the results by Hakim, let us first recall some definitions and useful results concerning maps tangent to
the identity in Cn. Let f be a germ of holomorphic self-map of Cn fixing the origin and tangent to the identity; we
can write f = (f1, . . . , fn), and let fj = zj + Pj,νj + Pj,νj+1 + · · · be the homogeneous expansion of fj in series of
homogeneous polynomials, where degPj,k = k (or Pj,k ≡ 0) and Pj,νj ≡ 0, for j = 1, . . . , n. The order ν(f ) of f is
defined by ν(f ) = min{ν1, . . . , νn}.
Definition 1. A parabolic curve for f at the origin is an injective holomorphic map ϕ : Δ → Cn satisfying the follow-
ing properties:
1. Δ is simply connected domain in C, with 0 ∈ ∂Δ,
2. ϕ is continuous at the origin and ϕ(0) = O ,
3. ϕ(Δ) is invariant under f (i.e. f (ϕ(Δ)) ⊂ ϕ(Δ)) and (f/ϕ(Δ))n → O as n → ∞.
Furthermore, if [ϕ(ξ)] → [v] ∈ Pn−1 as ξ → 0, where [·] denotes the canonical projection of Cn\{O} onto Pn−1, we
say that ϕ is tangent to [v] at the origin.
Definition 2. A characteristic direction for f is a vector [v] = [v1, . . . , vn] ∈ Pn−1 such that there is λ ∈ C so that
Pj,ν(f )(v1, . . . , vn) = λvj for j = 1,2. If λ = 0, we say that [v] is non-degenerate, otherwise, it is degenerate.
Characteristic directions arise naturally if we want to investigate the existence of parabolic curves tangent to some
direction [v]. In fact, Hakim [7] observed that if there exist parabolic curves tangent to a direction [v], then this
direction is necessary characteristic. However, Hakim was able to prove the converse for non-degenerate characteristic
direction only in the following theorem:
Theorem 2. Let f be a (germ of ) holomorphic self-map of Cn fixing the origin and tangent to the identity of order
ν(f )  2. Then for every non-degenerate characteristic direction [v] of f there are (ν(f ) − 1) parabolic curves
tangent to [v] at the origin [5,7,8].
3. Parabolic curves over C2
Let f ∈ End(C2,O). We always write f = (f1, f2); furthermore, f1 = P1 + P2 + · · · and f1 = Q1 + Q2 + · · ·
are the homogeneous expansions of f1 and f2 respectively. In most cases, our studies is based on the germ of holo-
morphic self-map of C2 fixing the origin and tangent to the identity, that is, P1(z,w) = z and Q1(z,w) = w. We
consistently write f1 = P1 + g and f2 = Q1 + h, where g,h ∈ O2. Furthermore, by definition the order of f is
ν(f ) = min{ν(g), ν(h)} 2. We always assume that ν(f ) < +∞, that is, f = idC2 .
Definition 3. Let f be a germ of holomorphic map as above. We say that the origin is dicritical if we have
wPν(f )(z,w) = zQν(f )(z,w).
We now recall some basic definitions and results on blowing-up maps.
3.1. Blow-up
If p is a point in a complex manifold M , there is a canonical way to build a complex manifold M˜ , is called the
blow-up of M at p, provided with a holomorphic projection (a proper map) π : M˜ → M , and such that E = π−1(p)
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biholomorphism. Furthermore, if f ∈ End(M,p) is tangent to the identity, there is a unique way to lift f to a map
f˜ ∈ End(M˜,E) such that π ◦ f˜ = f ◦ π , where End(M˜,E) is the set of holomorphic maps defined in neighborhood
of E with values in M˜ and which are the identity on E. In particular, the characteristic directions of f become points
in the domain of f˜ .
Now, if M˜ is the blow-up of C2 at the origin, then the lift f˜ of f belongs to End(M˜, [v]) for any [v] ∈ P1(C) = E.
We shall then say that [v] ∈ P1(C) is singular direction of f if it is a singular point for f˜ . It turns out that non-
degenerate characteristic directions are always singular (but the converse does not necessary hold), and that singular
directions are always characteristic (but the converse does not necessary hold): the singular directions are the dynam-
ically interesting characteristic directions.
The important feature of the blow-up procedure is that even thought the underlying manifold becomes more com-
plex, the lifted maps become simpler. Indeed, using an argument similar to one (describe, for instance, in [10] and [2]),
it is shown that after a finite number of blow-ups our original holomorphic local dynamical system f ∈ End(C2,O)
can be lifted to a map f˜ whose singular points are finitely many and satisfy one of the following conditions:
(o) they are dicritical, that is with infinitely many singular directions, or
(	) in suitable local coordinates, centered at the singular point, we can write{
f˜1(z,w) = z + l(z,w)
(
λ1z + Ω
(∥∥(z,w)∥∥2)),
f˜2(z,w) = w + l(z,w)
(
λ2w + Ω
(∥∥(z,w)∥∥2)),
with
(	1) λ1, λ2 = 0 and λ1/λ2, λ2, λ1 /∈ N, or
(	2) λ1 = 0, λ2 = 0.
Let E be a compact Riemann surface inside a 2-dimensional complex manifold M (for instance, E can be the
exceptional divisor of the blow-up of a point p), and take f = (f1, f2) ∈ End(M,E) tangent to the identity to all
points of E (this happens, for instance, if f is the lifting of a map tangent at the identity at p). Given q ∈ E, choose
a local coordinates (z,w) in M centered at q and such that E such that E is locally given by {(z,w) ∈ C2/w = 0}.
Then, the function,
k(z) = lim
w→0
f2(z,w) − w
w(f1(z,w) − z) ,
is either a meromorphic function defined in a neighborhood of q , or identically ∞.
It turns out that
• if k is identically ∞ at one point q ∈ E, then it is identically ∞ at all points of E; in this case we shall say that f
is not tangential to E or degenerate on E;
• if f is tangential to E (this happens, for instance, if f is obtained blowing-up a non-dicritical singularity), the
residue of k at q is independent of the local coordinates used to define k, and it is called the index iq(f,E) of f
at q along E;
• if f is tangential to E, and q ∈ E is not singular for f , then iq(f,E) = 0; in particular, iq(f,E) = 0 only for a
finite number of points of E.
We need also another set of definitions and notations. We consistently write f1 = z+ g and f2 = w + h, as before.
We denote by l ∈O2 the greatest common divisor of g and h (which is defined up to units inO2), that is l = gcd(g,h),
and we write g = lgo and h = lho. The homogeneous expansions of go, ho and l are given by:⎧⎨⎩
go(z,w) = Po0 + Po1 + · · · ,
ho(z,w) = Qo0 + Qo1 + · · · ,
l(z,w) = R0 + R1 + · · · .
(1)
We denote by k = ν(l) the order of the germ l.
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Obviously, νo(f ) + k = ν(f ) 2.
It is clear that l(z,w) = 0 is a (not necessarily reduced) local equation, of the germ at the origin, of the fixed points
set Fix(f ) of f .
Definition 5.
• If Fix(f ) has, at least, two smooth (local) components intersecting transversally at the origin, we say that the
origin is a corner.
• We say that the origin is a singular point for f if the pure order is at least 1.
Notice that if the origin is dicritical, then wPoνo(f )(z,w) = zQoνo(f )(z,w), and thus it is necessarily singular.
Remark 1. In his paper [2], he proved that, after a finite number of blow-up the original holomorphic local dynamical
system f ∈ End(C2,O) can be lifted to a map f˜ whose singular points are dicritical or of pure order 1 and in the same
paper, he gave a theorem of reduction of the last type of the singularities. This “reduction of singularities” statement
holds only in dimension 2, and it is not clear how to replace it in higher dimension.
Definition 6.
• Assume that the origin is a singularity of pure order 1, by (1), one l is chosen, the eigenvalues of the linear part( Po1
Qo1
)
are independent of coordinates, we call them the eigenvalues of the singularity.
• Let O be singular. We say that O is irreducible if ν0(f ) = 1, ν(l) 1, and the eigenvalues λ1, λ2 of singularity
O satisfy either 	1 or 	2.
Remark 2. The reduction theorem of Abate given in his paper [2] said that every non-dicritical singularity of pure
order 1 can be reduced to an irreducible singularity.
Proposition 1. (See [2].) Let S be a compact 1-dimensional submanifold of a 2-dimensional complex manifold M ,
and let f ∈ End(M,S) be tangent to the identity and such that f/S ≡ idS . Assume that f is not degenerate along S.
Let p0 ∈ S be not singular and not a corner. Then, no infinite orbit of f can stay arbitrarily close to p0; that is, there
exists a neighborhood U of p0 such that for all q ∈ U either the orbit of q lands on S or f n0(q) /∈ U for some n0 ∈ N.
In particular, no orbit is converging to p0.
Proof. We work in a chart adapted to S and centered in p0. Since p0 is not a corner, we have l(z,w) = wσ for a
suitable σ  1. Then we can write: {
z1 = f1(z,w) = z + wσ
(
a0 + A1(z,w)
)
,
w1 = f2(z,w) = w + wσ
(
b0 + B1(z,w)
)
,
with ν(A1), ν(B1)  1. Since f is not degenerate along S, we must have b0 = 0 and B1 = wB0. Since p0 is not
singular, we must have a0 = 0, and after a linear change of coordinates, we can actually assume a0 = 1.
We then make the following change of variables:{
Z = z,
W = w(1 + A1(z,w))1/σ .
Then {
Z1 = Z + Wσ ,
W1 = W + Wσ+1B˜0(Z,W).
In particular
1
Wσ
= 1
Wσ
+ a(Z) + b(Z,W),1
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Wσ1
)− ( 1
Wσ
)| d if (Z,W)
belongs to a compact set of the form {|Z| r, |W | ρ}. Following [12], we now choose 0 < r0 < (2d)−1 log 2, and
we set U = {|Z| r0, |W | ρ}; we claim that no point in U\S can have an orbit completely contained in U\S.
Suppose, by contradiction, that (Z0,W0) ∈ U\S is such that (Zn,Wn) = f n(Z0,W0) ∈ U\S for all n  0. In
particular, Wn = 0 for all n 0, and so |( 1Wσn ) − (
1
Wσ0
)| nd . Hence∣∣∣∣(W0Wn
)σ
− 1
∣∣∣∣ nd|W0|σ ,
for all n  0. This implies that if nd|W0|σ < 1, then (WnW0 )σ is in the disk that has the segment [(1 + nd|W0|σ )−1,
(1 − nd|W0|σ )−1] as diameter, and thus


(
Wn
W0
)σ
 1
1 + nd|W0|σ .
Let n0  1 be the integer such that (n0 − 1)d|W0|σ < 1 < n0d|W0|σ . Then


(
Wj
W0
)σ
 1
(n0 + j)d|W0|σ ,
for 0 j  n0 − 1. But this implies
|Zn0 − Z0| =
∣∣∣∣∣
n0−1∑
j=0
Wσj
∣∣∣∣∣= |W0|σ
∣∣∣∣∣
n0−1∑
j=0
(
Wj
W0
)σ ∣∣∣∣∣ |W0|σ
n0−1∑
j=0


(
Wj
W0
)σ

n0−1∑
j=0
1
(n0 + j)d 
log 2
d
> 2r0,
and so (Zn0 ,Wn0) /∈ U and this is a contradiction. 
In the same paper [2], Abate proved that all the corners obtained by blow-up are singular and since we never blow-
up a dicritical point, the upshot of the above proposition is that the only interesting dynamics is concentrated near
singular points.
Using the above proposition, we try now, to study the behavior of a holomorphic function f ∈ End(C2,O) tangent
to the identity and with a smooth fixed points set in the following theorem:
Theorem 3. Let f ∈ End(C2,O) be tangent to the identity and with order ν(f )  2. Then we have the following
results:
1. Assume that the set of fixed points of f Fix(f ) is smooth at the origin and f is tangential to this set, if the origin
is not singular, then there are no parabolic curves for f at the origin.
2. Assume that the set of fixed points of f Fix(f ) is smooth at the origin and this last one is a singular point of f ,
with the pure order of f ν0(f ) = 1. Then, there exist ν(f ) − 1 parabolic curves for f at the origin.
3. If O is dicritical, then there exist infinitely many parabolic curve.
Proof. 1. Let π : M → C2 be the blow-up of C2 at the origin, S = π−1({O}) be its exceptional divisor and
f˜ ∈ End(M,S) be the lifting map of f at the origin. Then S is a smooth compact 1-dimensional submanifold of
a 2-dimensional complex manifold M (since the map π is a proper map), and f˜ is tangent to the identity and such
that f˜/S ≡ idS . Since the origin is not dicritical for f (because it is not singular), then, according to the proposition
(1.2) in Abate’s paper [2], f˜ is non-degenerate along S. According to the above proposition, no infinite orbit of f˜ can
stay arbitrarily close to p0 ∈ S. Hence, there are no parabolic curve of f˜ at any point p0 ∈ S. Therefore, there are no
parabolic curve of f at the origin.
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(az + bw)κ with a = 0, and since the origin is a singularity of f with ν0(f ) = 1, then κ = ν(f ) − 1. Then we can
write f as
f (z,w) =
{
f1(z,w) = z + l(z,w)(P 01 (z,w) + P 02 (z,w) + · · ·),
f2(z,w) = w + l(z,w)(Q01(z,w) + Q02(z,w) + · · ·),
(2)
with P 0i and Q
0
i are homogeneous polynomials with order i.
Let λ1, λ2 ∈ C be the eigenvalues of the linear part
( Po1
Qo1
)
. We distinguish two cases:
Case 1. if the eigenvalues λ1, λ2 are distinct, then the linear part
( Po1
Qo1
)
is diagonalizable and therefore, after possibly
a change of coordinates f can be written as{
f1(z,w) = z + (az + bw)κ
[
λ1z + A2(z,w)
]
,
f2(z,w) = w + (az + bw)κ
[
λ2w + B2(z,w)
]
,
with ν(A2), ν(B2) 2, and κ = ν(f ) − 1 1. We have two subcases; the first one if one of the eigenvalues is equal
to zero and the other is different to zero, and the second case if the both eigenvalues are different to zero.
(i) If one of the eigenvalues is equal to zero and the other is different to zero, for example, we take λ1 = 0 and λ2 = 0
(it is the same if we take the inverse), then [v] = [1 : 0] is a non-degenerate characteristic direction of f . Indeed,
according to the definition (2), [1 : w] is a characteristic direction if and only if,{
(a + bw)κλ1 = λ,
0 = λw,
which is satisfied by w = 0 since λ = aκλ1 = 0. Hence, according to Hakim’s theorem (2), there are ν(f ) − 1
parabolic curves for f tangent to [v] at the origin.
(ii) If the both eigenvalues are different to zero, that is λ1λ2 = 0, then [v] = [1 : 0] is a non-degenerate characteristic
direction of f . Indeed, according to the definition (2), [1 : w] is a characteristic direction if and only if,{
(a + bw)κλ1 = λ,
(a + bw)κλ2w = λw,
which is satisfied by w = 0 since λ = (a+bw)κλ1 = 0 and λ1 −λ2 = 0. Hence, according to Hakim’s theorem (2),
there are ν(f ) − 1 parabolic curves for f tangent to [v] at the origin.
Case 2. the eigenvalues are equals (i.e. λ1 = λ2 = 0), then the linear part
( Po1
Qo1
)
can be transformed to an upper
triangular form and therefore, after possibly a change of coordinates, we can write (2) as{
f1(z,w) = z + (az + bw)κ
[
λ1z + cw + A2(z,w)
]
,
f2(z,w) = w + (az + bw)κ
[
λ2w + B2(z,w)
]
.
Blowing up and focusing our attention to the chart containing [1 : 0], that means we put{ z = z,
w = yz,
we get: {
f˜1(z, y) = z + λ1aκzκ+1 +O
(
zκ+2, zκ+1y
)
,
f˜2(z, y) = y
[
1 + (λ2 − λ1)aκzκ +O
(
zκ+1, zκy
)]+O(zκ+1),
that is {
f˜1(z, y) = z + λ1aκzκ+1 +O
(
zκ+2, zκ+1y
)
,
f˜ (z, y) = y[1 +O(zκ+1, zκy)]+O(zκ+1).2
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f˜1(x, y) = x − xκ+1 +O
(
xκ+2, xκ+1y
)
,
f˜2(x, y) = y
[
1 +O(xκ+1, xκy)]+O(xκ+1).
Notice that a parabolic curve for f˜ cannot intersect the exceptional divisor since all points of the curve are attracted
to the origin. Therefore the pushforward of a parabolic curve for f˜ is a parabolic curve for f (tangent to [1 : 0] at the
origin) and the assertion follows if we prove the existence of κ parabolic curves at the origin for f˜ . But this last one
is a consequence of the general results of Hakim [7], adapted as in [8] if κ  1.
3. In this case, we can write f as{
f1(z,w) = z + l(z,w)
[
Pμ(z,w) + Aμ+1(z,w)
]
,
f2(z,w) = w + l(z,w)
[
Qμ(z,w) + Bμ+1(z,w)
]
,
with μ 1, ν(Aμ+1  μ+1), ν(Bμ+1  μ+1), and zQμ(z,w)−wPμ(z,w) = 0 (since the origin is a dicritical point
of f ). We moreover put l(z,w) = Rκ(z,w) + Cκ+1(z,w) (the homogenous expansion of l) with κ + μ = ν(f ) 2
and ν(Cκ+1) κ + 1.
We are then interested in directions [u0 : v0] ∈ P1, such that
Rκ(u0, v0)Pμ(u0, v0) = 0. (3)
Up to a linear change of coordinates, we can assume [u0 : v0] = [1 : 0], but what we are going to say applies to the
other directions too.
Blowing up and focusing our attention to the chart containing [1 : 0], we get{
f˜1(z, y) = z + Rκ(1, y)Pμ(1, y)zν +O
(
zν+1
)
,
f˜2(z, y) = y
[
1 +O(zν)]+O(zν),
where ν = ν(f ). Setting x = α, with αν−1 = −Rκ(1,0)Pμ(1,0), we reduce to{
f˜1(x, y) = x − xν +O
(
xν+1, xνy
)
,
f˜2(x, y) = y
[
1 +O(xν)]+O(xν).
Again, the pushforward of any parabolic curve for f˜ is a parabolic curve for f tangent to [1 : 0]; therefore if we prove
the existence of parabolic curves for f˜ , we have proved the assertion because we can repeat the same argument for
the infinite number of directions satisfying (3), but the existence of ν − 1 parabolic curves for f˜ is a consequence of
the general results of Hakim [7], adapted as in [8] if ν  2. 
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